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Fixed point theorems on a closed ball

MANISH CHANDRA SINGH, MAHESH CHANDRA JOSHI,
NAVEEN CHANDRA

ABSTRACT. The aim of the paper is to obtain some fixed point theorems
for extended (¢, F')-weak type contraction on a closed ball in metric
spaces. Our results generalize some recently established results.

1. INTRODUCTION

In 2012, Samet et al. [8] introduced a class of a-admissible mapping.
Definition 1 ([8]). Let 7: X — X and o : X x X — [0, +00). We say that
T is a-admissible if z,y € X, a(x,y) > 1 implies that o(Tz,Ty) > 1.

Definition 2 ([7]). Let T : X — X and a,n : X x X — [0,400) be
two functions. We say that T' is a-admissible mapping with respect to 7 if
z,y € X, a(z,y) > n(z,y) implies that o(Tx, Ty) > n(Tx,Ty).

If n(x,y) = 1, then Definition 2 reduces to Definition 1. If a(z,y) = 1,
then T is called an n-subadmissible mapping.

Definition 3 ([4|). Let (X,d) be a metric space. Let T : X — X and
a,m: X x X —[0,400) be two functions. We say that T" is a-n-continuous
mapping on (X, d) if for given x € X and sequence {z,} with
Ty — T a8 N — 00; Ty, Tnt1) = N(Tn, Tpy1), foralln e N=Tx, - Tx.
Definition 4 (|6]). Let (X, d) be a metric space. A mapping T : X — X is
said to be an F-contraction if there exists 7 > 0 such that
(1) Vez,ye X, dTz,Ty) >0= 7+ F(d(Tz,Ty)) < F(d(z,y)),
where F': Ry — R is a mapping satisfying the following conditions:

(F1) F is strictly increasing, i.e., for all z,y € Ry such that z < y,

F(x) < F(y);
(F2) For each sequence {a,}52 of positive numbers, lim;, o @, = 0
if and only if lim,,—,oo F(ay,) = —00;
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48 FIXED POINT THEOREMS ON A CLOSED BALL

(F3) There exists k € (0,1) such that lim,_,o+ o*F(a) = 0.

We denote by Ap, the set of all functions satisfying the conditions
(F1)-(F3).

Wardowski [9] modified Banach contraction principle for F-contraction as
follows.

Theorem 1. Let (X, d) be a complete metric space and let T : X — X be
an F-contraction. Then T has a unique fized point z € X and for every
x € X the sequence {T"x}nen converges to z.

Hussain et al. [4] introduced the following family of new functions. Let
Ag denote the set of all functions G : Ri — R satisfying:
(G) for all t1,t9,t3,t4 € Ry with tytatsty = 0, there exists 7 > 0 such
that G(tl, tQ, t3, t4) =T.

Definition 5 (|4]). Let (X, d) be a metric space and T' be a self-mapping
on X. Also, suppose that a,n : X x X — [0, 400) are two function. We say
that T is a-n-G'F-contraction, if for z,y € X with n(z,Tx) < a(z,y) and
d(Tz,Ty) > 0, we have

G(d(z,Tx),d(y, Ty),d(z,Ty),d(y,Tx)) + F(d(Tz, Ty)) < F(d(z,y)),
where G € Ag and F € Ap.

For z € X and € > 0,B(z,¢) = {y € X : d(x,y) < €} is a closed ball
in (X, d). The following result, regarding the existence of the fixed point of
the mapping satisfying a contractive condition on the closed ball, was given
in [5]. The result is very useful in the sense that it requires the contraction
condition only on a closed ball, instead of on the whole space.

Theorem 2 ([5]). Let (X,d) be a complete metric space, T : X — X be
a mapping, r > 0 and xg be an arbitrary point in X. Suppose there exists

k€ [0,1) with
d(Tx,Ty) < kd(z,y), forallz,y €Y = B(wo,r),

and d(xo, Txo) < (1 — k)r. Then there exists a unique point xx in B(xg,T)
such that xx = Txx*.

Recently, in 2019, Hussain [3] introduced the Ciri¢ type modified F-
contraction on a closed ball in a complete metric space.

Definition 6 ([3]). Let (X, d) be a metric space. A self-mapping T : X — X
is said to be a modified F-contraction via a-admissible mappings if there
exists 7 > 0 such that

d(Tz,Ty) > 0= 7+ Fla(z,y)d(Tz,Ty)) < F(Y(M(z;y))),

where

d(z, Ty) + d(y, Ta:)}
2

M (z,y) = max{d(z,y),d(z,Tx),d(y, Ty),
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for all z,y € B(zg,7) C X; where F : Rt — R is a mapping satisfying
(F1) — (F3) and ¢ € V.

In Definition 6, ¥ be the familiy of functions of self-mappings on [0, c0)
satisfying:
(i) v is nondecreasing.
(ii) 322 ,9"(t) < +o0, for each ¢ > 0.
Remark 1. If ¢ € U, then ¢(¢t) < t for all £ > 0.
Using Definition 6, Hussain [3] obtained the following result.

Theorem 3 ([3]). Let (X,d) be a complete metric space. Let T : X — X be
a modified F'-contraction via a-admissible mappings and xg be an arbitrary
point in X. Assume that

(2) T,y c B(ﬂl’o,?"), T+ F(OL(.ZE,y)d(T.’,U,Ty)) S FW(M(%Z/)));
where 7 > 0. Moreover
Z;-Vzod(a:o,Tmo) <r, forall j € N and r > 0.

Suppose that the following assertions hold:
(i) T is an a-admissible mapping;
(ii) there exist a point xo € X such that a(zo,Tzo) > 1;
(iii) T is continuous.
Then there exist a point xx in B(xg,r) such that Txx = xx.
In this paper, we obtain some fixed point results which generalize the

results of Dey et al [1], Dung and Hang [2] and Hussain [3]| on a closed ball
in a complete metric space.

2. MAIN RESULTS

Now, we introduce the following definition.

Definition 7. Let (X,d) be a metric space. A self-mapping 7' : X — X
is said to be a modified F'-contraction II via a-admissible mappings if there
exists 7 > 0 such that

(3)  dTz,Ty)>0= 1+ F(a(z,y)d(Tz,Ty)) < F(p(M(z,y)));
where,

d(x, Ty) + d(y, Tr)
2 b

M(z,y) = max {d(az, y),d(z, Tx),d(y, Ty),

d(T?z,x) + d(T?z, Ty)
2

for all z,y € B(zg,r) C X, and F : Ry — R is a mapping satisfying
(F1)—-(F3) and ¢ € ¥, where V¥ is defined as the same in Definition 6.

(T2, T), (T, y), d(T%, Ty)},
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Theorem 4. Let (X,d) be a complete metric space and T : X — X a
modified F'-contraction Il via a-admissible mappings and xo be an arbitrary
point in X. Assume that

4)  zyeBxor), 7+F(alz,y)dTz,Ty)) < Fp(M(z,y))),
where T > 0. Moreover,
Eé-v:[)d(xj,Ta:j) <r, VjeNandr>O0.
Suppose that the following assertions hold:
(i) T is an a-admissible mapping;

(i) there exist a point xg € X such that a(xg, Tzg) > 1;
(iii) T is continuous.

Then there exist a point xx in B(xg,r) such that Txx = xx.

Proof. Due to assumption (ii), there exist a point zp € X such that
a(xo,Txg) > 1. Now, we construct a sequence {x,},>0 in X such that
ZTpy1 = Txy,. {x,} is a non-increasing sequence. If we assume that x,, =
ZTp+1 for some n > 0, then the proof is complete obviously. So, we assume
that x,, # x,41 for all n > 0. Since a(zo,z1) = a(zg,Txo) > 1 and T is
a-admissible, we have

(5) (T, Tpy1) > 1, Vn>0.

Firstly, we show that z,, € B(zg,r) for all n € N. For this, consider
d(zo, 1) = d(xg,Txo) < r. Thus x1 € B(xo,7). Suppose that zo,...,z; €
B(xg, ) for some j € N, then from (4),

Fla(zj1, 2j)d(Tej1, Taj)) < F(p(M(zj-1,25)) — 7
= d(zj,zj11) < Y(M(zj-1,25))) < M(2j-1,75)
where
M(xj-1, ) = max {d(iﬁjflv j), d(xj—1, 25), d(xj, ),
d(zj1, i) +d(x), 25) d@j1,25-1) +d(@je1, 2541)
2 ’ 2 ’

d(j1,x), d(z i1, 75), d(2j41, 37j+1)}

= max {d(zj_1,z;),d(xj, xj41}.
Therefore, we have
F(d(zj,xj11) < F(oxj—1,z)d(Txj_1,Tx;))
< F(max{d(zj-1,25), d(zj, 2j41)}) — T
If max{d(z;-1,2;),d(zj, xj+1)} = d(xj,2j11), then

= F(d(zj, xj11) < F(d(zj, zj41)) — 7.



Manisa C. SiNGH, ManEsH C. JosHI, NAVEEN CHANDRA 51

This gives 7 < 0, a contradiction. Hence, max{d(z;_1,2;),d(zj,zj41)} =
d(:vj_l,xj). NOW7

d(fL’o,IL’j+1) < d(mo, 1)1) + ...+ d(:cj,a:j+1)
= Eé\fzod(l’j,Tiﬂj) <r.
Therefore, 241 € B(xg,r) for all n € N. Continuing this process, we get
F(d<$mxn+1)) < F(d(xn—la xn)) -7
= F(d(T.%'n_Q, Ta:n_l)) - T
S F(d(l‘n_g, xn_l)) — 27

< F(d(zg, 1)) — nT.
This implies
(6) F(d(n, 2ns1)) < F(d(zo,21)) — 7.
Taking limit we get, lim, oo F'(d(2p, Xnt1)) = —00. So, we have
(7) d(xn, Tn41) = 0.
From (F'3), there exists k € (0, 1) such that
0 Tim (A2, 201)) F (A, 1)) = 0.
From (6), for all n € N, we obtain
o (Atn, T2 (F(dm 0n11)) — F(d(wo, 1)) <
—(d(zn, Tni1))fnr <0.
By using (7), (8) and letting n — oo in (9), we have
(10) Tinn (n(d(,041))%) = 0.

We observe that from (10), there exist n; € N such that n(d(zy,, 7,41))* < 1
for all n > ny, we get

1
(11) d(xn, Tpt1) < vl Vn > ny.

Now m,n € N such that m > n > n;. Then by triangle inequality and from
(11), we have

d(xna xm) < d(l'na xn—i—l) + d(xn—i-h xn+2) R d(l'm—lv xm)
= E?;;le(l‘i,l‘ifl)

(12) < ¥72,d(Ti, Tit1)

|~

<3,

7

e



52 FIXED POINT THEOREMS ON A CLOSED BALL

The series -+ is convergent. Taking the limit as n — oo, in (12), we have

ik
limy, ;00 d(Zp, ) = 0. Hence xz,, is a Cauchy sequence. Since, X is a
complete metric space there exists an x* € B(xg,r) such that z,, — x* as
n — oo. T is a continuous then x,+1 = Tz, — Ta*x as n — oo. That is,

xx = Tx*x. Hence xx is a fixed point of T 0
Motivating by the paper [1], we introduce the following definition.

Definition 8. Let (X, d) be a metric space. A self-mapping T': X — X is
said to be a modified F-contraction III via a-admissible mappings if there
exists 7 > 0 such that

(13) d(Tz,Ty) >0 = 71+ F(a(z,y)d(Tz,Ty)) < F@(M'(z,y))),
where
d(z, Ty) +d(y, Tx) d(T?*z,z)+ d(T?z, Ty)

2 ’ 2 ’
d(T%2, Ta), d(T%,y), d(Tw.y) + d(y, Ty), d(T*2, Ty) + d(w, Tx) |,

M'(z,y) = max {d(w, Y),

for all x,y € B(xo,r) C X, and F : Ry — R is a mapping satisfying
(F1)-(F3) and ¢ € U, where VU is defined as the same in Definition 6.

Remark 2. Every modified F-contraction III is a modified F-contraction
IT via a-admissible mapping. The reverse implications do not hold.

Now we obtain the following result which is a generalization of Theorem

4.

Theorem 5. Let (X,d) be a complete metric space and T : X — X a
modified F-contraction III via a-admissible mappings and xy be an arbitrary
point in X. Assume that

(14)  z,y€ B(zo,7), 7+ Fla(z,y)d(Te,Ty)) < F(p(M'(z,y))),
where T > 0. Moreover,

Z;-V:[)d(.%'j,Tl‘j) <r, VjeNandr>O0.
Suppose that the following assertions hold:

(i) T is an a-admissible mapping;
(i) there exist a point xg € X such that a(xg, Txg) > 1;
(iii) T is continuous.

Then there exist a point xx in B(xg,r) such that Txx = xx*.

Proof. The proof is same as in Theorem 4. O

Remark 3. Theorem 4 and 5 generalize the main result of Hussain [3| and
also extends results of [2] and [1] on closed ball in a complete metric space.
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3. FIXED PoOINT THEOREMS FOR GF-CONTRACTION ON CLOSED BALL

Definition 9. Let T be a self mapping in a metric space (X, d) and let
o be an arbitrary point in X. Also suppose that o : X x X — —oco U
(0,400);m : X xX — Ry are two functions. We say that T is called modified

a — 1 — -GF-contraction II on closed ball if for all z,y € B(xg,7) C X;

with n(z, Tx) < a(z,y) and d(Tz, Ty) > 0; we have
(15) G(d(z,Tz),d(y,Ty),d(z,Ty),d(y, Tx)) + F(d(Tz,Ty)) <
< F(p(M(,y))),

where
d(z,Ty) + d(y, Tz)
2 b

M(z,y) = max {d(w,y), d(x,Tx),d(y, Ty),

d(T?z, ) + d(T?%z, Ty)
2

(T2, T), d(T%, ), d(T%, Ty) }.

Moreover,
Z;-Vzod(a:j,ij) <r, VieNandr >0,
GelAg, eV, and F € Ap.

Theorem 6. Let (X,d) be a complete metric space. Let T : X — X be
an a-n-Y-GF-contraction II mapping on closed ball satisfying the following
assertions:
(i) T is an a-admissible mapping with respect to n;
(ii) there exists xog € X such that a(xzo, T'xo) > n(xo, Txo);
(iii) T is a-n-continuous.
Then there exist a point xx in B(xg,r) such that Txx = xx*.

Proof. Let ¢y € X such that a(zg,Txog) > n(xg, Txo). For zy € X, we
construct a sequence {w,}°2; such that z; = Trg, z2 = Tx; = T%xg. Con-
tinuing this way, we have x,41 = Tz, = Tz, Vn € N,

Since T is an a-admissible mapping with respect to 7, then a(zg,z1) =
a(xg, Txo) > n(xo, Txo). Continuing this process, we have

n(xn—thn—l) = n(mn—luxn) < a(«rn—ly‘rn)v Vn € N.

If there exists an n € N such that d(z,,Tz,) = 0. We assume that z,, #
Tn+1 with
d(Tzp—1,Txy) = d(zp, Txy) >0, VYneN.

First we show that z,, € B(zg,r), Vn €N,

d(zg,x1) = d(zo, Txo) < 7.

Thus, 1 € B(x,r). Suppose that xo,...,2; € B(xg,r) for some j € N.
Since, T" is an a — 1 — ¥-GF-contraction on closed ball, such that
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(16) G(d(zj1, Txj 1), d(xj, Tay),d(xj-1, Txy), d(z;, Trj 1))
+F(d(Twj-1,Ty)) < F(Y(M(2j-1,25)))-
This implies
G(d(zj-1,2), d(), xj41), d(zj-1,25+41),0)
FF(d(zj,x501)) < F(W(M(zj_1,75))).

Since, d(xj—1,2;) - d(xj,xj41) - d(xj—1,2j4+1) -0 = 0, then there exist a 7 > 0
such that

F(d(zj,zj41)) = F(d(Txj-1,Txj)) < F(P(M(zj-1,25))) — 7.
The rest of the proof follows from the proof of the Theorem 4. OJ

(17)

Along the same lines we introduce the modified ac — 7 — y-GF-contraction
IIT on a closed ball.

Definition 10. Let 7" be a self mapping in a metric space (X, d) and let zg
be an arbitrary point in X. Also suppose that a : X x X — —ooU(0, +00);7 :
X x X — Ry are two functions. We say that T is called modified o — 1 — -
GF-contraction III on a closed ball if for all z,y € B(zg,r) C X; with
n(x,Tz) < a(z,y) and d(Tx,Ty) > 0; we have

G(d(z, Tx),d(y, Ty), d(z, Ty), d(y, Tx))

(18) _|_F(d(Tx,Ty)) < F(w(M/(x’y)))’

where
d(z, Ty) +d(y, Tx) d(T?z,z)+ d(T?z, Ty)

2 ’ 2 ’
d(T?*z, Tx), d(T?z,y), d(Tz,y) + d(y, Ty), d(T?z, Ty) + d(z, Ta:)},

M'(z,y) = max {d(w, Y),

Moreover,
Yisod(xj, Tzj) <r, Vj€Nandr >0,
GeAg, eV, and F € Ap.

Now, we obtain the following generalization of Theorem 6.

Theorem 7. Let (X,d) be a complete metric space. Let T : X — X be
an a-n-p-GF-contraction III mapping on closed ball satisfying the following
assertions:

(i) T is an a-admissible mapping with respect to n;
(i) there exists xg € X such that oz, Txo) > n(we, Txo);
(iii) T is a-n-continuous.

Then there exist a point xx in B(xg,r) such that Txx = xx*.
Proof. The proof is same as in Theorem 6. 0

Remark 4. Theorem 6 and 7 generalize Theorem 3.2 of [3].
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